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Abst ract - -Th is  paper outlines a computer-based method for 3D visualization of multiparticle 
model system topology due to rearrangement i  liquid phase sintering. The method developed is
based on the method of revolution for 3D object generation. Multiparticle model visualization will 
be realized by using two generic simple models of two and three spherical particles of different radii 
connected by liquid bridge. (~) 2006 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Liquid phase sintering is viewed in terms of three overlapping stages: particle rearrangement, 
solution-precipitation, and coarsening. During the first stage rearrangement of the solid phase. 
in which surface tension forces act to bring about physical movement of the constituents of 
sintering body, takes place causing rapid densification. This process assumes that  if there is good 
wetting between liquid and solid phase, solid particles can rearrange themselves under the action 
of surface tension forces, producing more stable packing. Therefore, it is interesting to investigate 
how the solid particles rearrange [1,2]. 
The rearrangement process during liquid phase sintering has been generally accepted that 
driven by the capi l lary force between solid particles embedded in liquid. The interparticle force 
depends on the shape of the liquid bridge, which is a function of the amount of liquid, contact 
angle, particle size, and interparticle distance. During the capil lary force evaluation gravity effect 
can be neglected since the gravitational force is typical ly a very small fraction of the capil lary 
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force [3]. Hwang et al. [3] have performed the two-dimensional (2D) calculation of capillary force 
using a numerical method based on a nodoid profile. Although they claimed that the capillary 
force obtained from these calculations is more accurate than prior estimation using a circular 
profile for the liquid bridge, we think that for liquid volume of practical interest he error in 
using the circle approximation [4] can be neglected [5]. 
This paper outlines a computer-based method for three-dimensional (3D) computer visual- 
ization of model system topology due to rearrangement i  liquid phase sintering. The method 
developed will be based on simple models of two and three spherical particles of different radii. 
It will be also shown that the method is general and can be extend to 3D multiparticle model 
visualization. 
2. V ISUAL IZAT ION METHOD 
Let there is a mixture of two components: a major component that forms the particulate solid, 
and an additive phase as a liquid-producing component. It is convenient to assume that the liquid 
wets and spreads to cover the solid particle surfaces, so that a liquid layer will separate them. We 
will now develop numerical methods for 3D model system visualization during rearrangement i  
liquid phase sintering. 
2.1. S ing le  Par t i c le  
For 3D object generation, we will use the method of revolution [6] similarly as it was applied 
in [7,8]. Generally speaking, a surface of revolution is formed by the rotation of a planar curve C 
about an axis in the plane of the curve and not cutting the curve. When C is a semicircle, the 
surface obtained is a circular sphere or "sphere of revolution". 
Let there be the semicircle of radius R (Figure la) defined by the base (planar) curve {Ps k} 
obtained by the algorithm, 
k~-*0 
For 5 = 90 ° To 270 ° Step A5 
k~k+l  (1) 
P~ ~-* [Rcos 5, Yo + Rsin5,0, 1] 
Next 5, 
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(a). Semicircle as a base curve (a planar curve C). (b). 3-D particle as a sphere of revolution. 
Figure 1. Generation of sphere of revolution. 
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where 6 is the angle and A6 is the angle increment, 
P~ = [S .zk,S. yk,S. zk,S], 
is k th point definition in Oxyz system, and S is the scale parameter. Let there be the rotation 
matrix, 
= 
L0rc°  ° sin i ]1  0 0 
0 cos, 
0 0 
for rotation through an angle ~ around y-axis. Then, the surface of 3D single particle can be 
generate by rotation of each point P1 k of the previous defined base curve {P~} through a small 
angle A~ by the algorithm, 
m~-*0 
For ~ = 0 ° To 360 ° Step A( 
m ~-* m + 1 (2) 
p~n ~ p1 k ' My(C) 
Next ~, 
and by connection of each new point with the previous one, as it shown in Figure lb. 
If the center position of the spherical particle does not lie along y-axis and generally is defined 
by (xo,yo,O), the base curve computation (1) has to be change to 
k~0 
For 5 = 90 ° To 270 ° Step A5 
k~- -*k+l  
Pg ~ [xo + RcosS ,  yo + RsinS,0, 1] 
(3) 
Next 5. 
Now, the surface of 3D single particle can be generate by translation, rotation and untranslation 
of the previous defined base curve (3) through a small angle A¢ by the modified algorithm (2) 
m~-~0 
For ~ = 0 ° To 360 ° Step A~ 
m ~-* m + 1 (4) 
p~n ~ pkl . T . . . .  -yo,o " M~(¢) . Tzo,yo,O 
Next ~, 
and by connection of each new point with the previous one, where 
Ta,b,c = 0 1 0 
0 1 
b c 
is the translation matrix which translates the point P~ for distance a along x-axis, distance b 
along y-axis, and distance c along z-axis. 
If the center position of the particle does not lie along y-axis and is defined by (xo,yo,zo), the 
base curve has to be change so that each point of the base curve P~ has to be rotate around 
x-axis until the point lies in the x-y  plane and then the algorithm (4) can be applied. 
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Figure 2. Topology of two-particle 
model. 
Figure 3. Planar curve definition 
for two-particle model. 
2.2. Two-Par t i c le  Mode l  
Let there be an elemental model system consisting of two spherical particles of radius R1 and 
R2 (R1 > R2), as shown in Figure 2. For 2D plot of liquid bridge during liquid phase sintering 
we will apply the similar methodology as in [9]. The meniscus of liquid bridge is fully defined by 
the radii of the meniscus pl and P2 [10], 
pl = R1 sin ~ol - p2[1 - sin(~ol + ~)], 
RI(1 - cos~ol) + R2(1 - cos ~o2) + D 
P2 = 2 cos((~Ol + ~o2)/2 + 0) cos((~Ol - ~o2)/2) ' 
and by the angles a (= lr/2 - (0 - ~ol)) and f~ (= r /2  - (0 - ~o2)), where 0 is the contact angle 
measured between the solid-liquid, ~1 and ~o2 are the semiangles subtended by the contact at the 
center of the particles, i.e., subtended by the perimeter where the solid, liquid, and vapor phases 
meet, and D the interparticle distance. The semiangles ~01 and ~o2 will be calculate numerically 
by the algorithm defined by Nikolic and Tomandl [11]. 
For 3D visualization of previous model system (Figure 2) the complex planar curve will be as it 
shown in Figure 3, which consists of three parts: the part of the envelope of particle of radius R2 
(the part A-B), the meniscus (the part B-C) and the part of the envelope of particle of radius R1 
(the part C-D), i.e., 
Par t  A -B  : kH0 
For 5 = 90 ° To 270°-~o2 Step A5 
k~- -~k+l  
P~ ~-~ JR2 cos 5, P2 sin/~ + R2 cos ~o2 + R2 sin 5, 0, 1] 
Next 5 
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Part B-C : 
Part C-D : 
ForS=~To -aStepA5 
k~--~k+l 
pk ~ [--Pl -- P2 + P2 cos 5, P2 sin 5, 0, 1] 
Next 5 
For 5 = 90 ° + ~1 To 270 ° Step A5 
k~-~k+l 
P~ ~-* [R1 cos 5, -P2 sin (~ - R1 cos ~1 + R1 sin 5, 0, 1] 
Next 
Note that the liquid meniscus computation methodology (Part B-C) can be change by applying 
parabola approximation or rigorous solution as it was applied in [11]. However, in our opinion the 
error in using the circle approximation can be neglected for liquid volumes of practical interest. 
We will use algorithm (2) and the previous defined planar curve for 3D visualization of two 
spherical particles connected by a liquid bridge. Since the absolute value of the liquid volume V 
depends on the scale of the system, we will use normalized liquid volume V/Vo, where Vo is the 
volume of smaller solid particle. For the volume ratio V/Vo, we will use the value 0.04 and for 
the contact angle the values 0 = 10 ° and 0 = 80 °. Figure 4 shows the computed 3D liquid bridge 
topologies (3D wire-frame models) for two wetting cases: for good wetting (~ = 10 °, Figure 4a), 
and for poor wetting (0 = 80 °, Figure 4b). 
(a). 0 = 10 ° (b). 0 = 80 ° 
Figure 4. Computed liquid bridge for two-particle model of radii 150 #m and 200 ~m. 
and V/Vo = 0.04. 
2.3 Three-Par t i c le  Mode l  
For 3D object generation we will also use the method of revolution. The previous applied 
methodology for planar curve definition of two-particle model we will use for the complex planar 
curve definition of any three-particle model and generation of corresponding 3D object. 
In previous section, we considered the generation of 3D object of special two-particle model 
which lay on y-axis or in the x-y plane. However, for three-particle model, we have to consider 
general two-particle model, as shown in Figure 5, where r l  = [Xl, Yl, Zl] and r 2 = [x2, Y2, z2] are 
~¥ 
X 
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Figure 5. General two-p~rticle model in 2D. 
the center position vectors for two spherical particles. For 3D meniscus generation, we need to 
consider the rotation around an arbitrary line passing through the point (xl, Y,, Zl) in direction 
(Ax, Ay, Az), where 
(Ax, Ay, Az) = (x2 -  x l ,y2 -  y l ,z2-  Zl). 
The next algorithm defines the procedure for this complex type of 3D meniscus generation. 
1. Translation the plane to the origin by the translation matrix T_A~,_a~,-A~. 
2. Rotation around z-axis until the line is in the y-z plane (Rotation 1) by the rotation 
matrix, 
M~ = 
dxy d~y 
Ax Ay 0 
dx~ d~y 
0 0 1 
0 0 0 
(dxy --- ~Ax.  Ax + Ay. Ay) . 
3. Rotation around the x-axis until the line lies along the y-axis (Rotation 2) by the rotation 
matrix, 
[i0 0 i1, d~y Az dzyz d~yz M~ = Az dz~ d~ 
dxyz dxyz 
0 0 
= ~/az .  az  + ay .  ay + az .  az ) .  
4. Rotation around y-axis by the matrix Mu(~). 
5. Unrotation 2 by the matrix, 
[i0 0 i1 dxy Az d~yz dxyz -Az  d~y 
dzyz dzyz 
0 0 
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Figure 6. General two-particle model in 3D. Figure 7. Computed 3D three-particle model. 
Figure 8. Computed 3D multiparticle model. 
6. Unrotation 1 by the matrix, 
M~ = 
Ay -Ax  
0 
Ax Ay 
d~---~. 0 . 
0 0 1 
0 0 0 
7. Untranslation by the matrix Ta~,~,z~z. 
Now, the surface of 3D single meniscus can be generate by rotation of the previous defined 
meniscus base curve {pk}, that is for each point P~, through a small angle A( around the 
previously defined arbitrary line by the general algorithm, 
m~0 
For ~ = 0 ° To 360 ° Step A~ 
m ~--~ m-{-1  
P?  ~ P~ " T - -A~, - -Ay , - -Az  " Mz  " M~ . M~( ; )  . M"  . M"  " TA~ Ay  Az  
Next ¢, 
(5) 
and by connection of each new point with the previous one, as it shown in Figure 6. 
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We will apply the previous defined algorithms (3), (4), and (5) for 3D visualization of the three 
spherical particles (R1, R2, R3) = (200, 175,150)pm connected by a liquid bridge (Figure 7), 
where the volume ratio V/Vo  was 0.03 and the contact angle was 0 -- 10 °. However, the previous 
algorithms are general and can be also applied to any multi-particle model in which some particles 
are connected by liquid bridge. Figure 8 shows computed 3D microstructure for multiparticle 
model characterized by average particle size (R) ~ 50pm and by average interparticle distance 
(D) ~ 7 t im (V /Vo  = 0.03, ~ = 10°). This random model was generated by algorithm explained 
elsewhere [12]. 
3. SUMMARY 
This paper outlines a computer-based method that can be used for 3D visualization of multi- 
particle model system topology due to rearrangement in liquid phase sintering. The method of' 
visuMization is based on developed numerical methods for 3D generation of two simple models of 
two and three spherical particles. The theoretical basis of such analysis is general and applicable 
to any multicomponent metallic or ceramic system. The computed topologies can be applied 
for investigation and prediction of microstructure volution by rearrangement in liquid phase 
sintering. In that sense this method was successfully applied for 3D study of rearrangement 
in liquid phase sintering [13], but can be also used, for example, for investigation of the effect 
of introducing a liquid phase into a 3D array of multiparticle model system, similarly as Shaw 
investigated it for 2D array [14]. 
From modern concept viewpoint [15], the rearrangement process for particles of plastic metals 
that are in overwhelming majority by their nature and practical use, should take place only 
after dissolution of cold welded bridges which have arisen during powder compaction. The model 
topology due to this kind of rearrangement can be also computed by our approach. The only 
condition is to modify submodel for rearrangement. 
Note that the approximation of the liquid bridge shape by a parabola or by a rigorous solu- 
tion [11] can be calculated in a very similar way as with the circle approximation, which was 
applied in this paper. 
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